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Magnetic Field Sources

Magnetic fields are produced by electric currents, which can be macroscopic currents
In wires, or microscopic currents associated with electrons in atomic orbits.
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Magnetic Field due to a Long Straight Wire:

The magnitude of the magnetic field at a perpendicular
distance R from a long (infinite) straight wire carrying a
current i is given by

The magnetic field vector
at any point is tangent to
a circle.

Wire with current Mo I
into the page B =

(long straight wire).

27mR

Fig. 29-2 The magnetic field lines pro-
duced by a current in a long straight wire
form concentric circles around the wire.
Here the current is into the page, as indi-
cated by the X.

Fig. 29-3 Iron filings that have been sprinkled onto
cardboard collect in concentric circles when current is
sent through the central wire. The alignment, which is
along magnetic field lines, is caused by the magnetic
field produced by the current. (Courtesy Education
Development Center)



Calculating the Magnetic Field due to a Current

g — Mo I ds sin 0

- . This element of current creates a
4’ﬂ' - magnetic field at P, into the page.
Symbol g Is a constant, called the 5
permeability constant, whose value is ,&f g o
I P S

\
\

o =47 X 107" T-m/A =126 X 107°T-m/A.
j( \ Current

distribution

In vector form

T - Fig. 29-1 A current-length element
(’."E: Mo 1ds X T R T T i d5 produces a differential magnetic
1b = . (Brot—Savart law). ot . :
47 e field dB at point P.The green X (the
tail of an arrow) at the dot for point P

indicates that dB is directed into the
page there.

# 1820, Hans Christian Oersted, electric currents and compass



Biot-Savart Law _ _ _
At any point P the magnitude of the magnetic

field intensity produced by a differential
Free space element is proportional to the product of the
current, the magnitude of the differential
length, and the sine of the angle lying
R between the filament and a line connecting

(Point 1) P ; ) ; . .
(ILMn -y the filament to the point P at which the field is
desired; also, the magnitude of the field is

ar12
inversely proportional to the square of the
I A e Iy dLy X ag,, distance from the filament to the point P. The
) 7R,y constant of proportionality is 1/4xw

9
ldLxar |dLx R

4-7‘C-R2 4-7‘C-R3

dH =

Magnetic Field Intensity Al

|
H :C& dLx aR Verified experimentally
2
J 4-m-R

Biot-Savart = Ampere’s law for the current element.



Biot-Savart Law B-S Law expressed in terms of distributed sources

The total current | within a transverse
L ST b , Width b, in which there is a uniform
surface current density K, is Kb.
L& Y J

I

| - KdN For a non-uniform surface current

- density, integration is necessary.

r "
Alternate Forms H= KX dS-aR H= X dv-aR
4-TE-R2 4°TC-R2




Magnetic Field due to a Long Straight Wire:

o 1dssin @

dB =
: dar P
This element of current
creates a magnetic field . ‘
at P, into the page. —> p- 2J' AR — ot f sin 6 ds ‘
] 211' ] PZ
r=Vs?+ R?
R
sin @ = sin(7 — 0) = ———.
Vs + R?
wol |©  Rds
- B = :
27 J; (s> + R?)*?
Fig. 29-5 Calculating the mag- = po [ 5 > NI ] = Mo
netic field produced by a current 7 in 2aR | (7 + R Jo 27R
a long straight wire. The field dB at P
associated with the current-length el-
ement i d5 1s directed into the page, ol
as shown. B = (semi-infinite straight wire).

4R



Magnetic Field due to a Current in a Circular Arc of Wire:

-
> 2

2
R_-~

o ‘ | -
(Q:X(D Ti (,'.\VJ ds

~

(a) (b)

The right-hand rule
reveals the field's
direction at the center.

Fig. 29-6 (a) A wire in the shape of a
circular arc with center C carries current i.
(b) For any element of wire along the arc,
the angle between the directions of d5 and
115 90°. (¢) Determining the direction of
the magnetic field at the center C due to
the current in the wire; the field 1s out of the
page,in the direction of the fingertips, as in-
dicated by the colored dot at C.

Mg idssin90% g ids
47 R? 47w R?

¢ R d¢ EF’
Mo 1 Mo
B=|dB= = d .
f{ J';I' dar R? 4R 0 (f)

Mol
4R

B =

(at center of circular arc).

Hol(2) _ Kol
4R 2R

B =

(at center of full circle).



Example, Magnetic field at the center of a circular arc of a circle.:

The wire in Fig. 29-7a carries a current / and consists of a Circular arc: Application of the Biot—Savart law to evalu-
circular arc of radius R and central angle #/2rad, and two ate the magnetic field at the center of a circular arc leads to
straight sections whose extensi_qns intersect the center C of Eq.29-9 (B = u,i¢p/4mR). Here the central angle ¢ of the arc
the arc. What magnetic field B (magnitude and direction) g /2 rad. Thus from Eq.29-9, the magnitude of the magnetic
does the current produce at C? field §3 at the arc’s center C is

i

B. — pol(m2) ol
. AR SR

1

» 3 &

v To find the direction of B;, we apply the right-hand rule
displayed in Fig. 29-4. Mentally grasp the circular arc with
your right hand as in Fig. 29-7¢, with your thumb in the
direction of the current. The direction in which your fingers
curl around the wire indicates the direction of the magnetic
field lines around the wire. They form circles around the
wire, coming out of the page above the arc and going into
the page inside the arc. In the region of point C (inside the
arc), your fingertips point into the plane of the page. Thus, B,

is directed into that plane.

(a)

Straight sections: For any current-length element in sec-
tion 1, the angle # between 45 and I is Zero (Fig. 29-7b); so
Eq.29-1 gives us

po idssin®  ugy tdssin( ~ 0
41 r? 4ar r? .

dBl =
‘ _ . Net field: Generally, when we must combine two or
Thus, the current along the entire length of straight section I 1) qre maenetic fields to find the net magnetic field, we must
L combine the fields as vectors and not simply add their
B, =0. magnitudes. Here, however, only the circular arc produces a
Lo o : + magnetic field at point C. Thus, we can write the magnitude

The same situation prevails in straight section 2, where g 2P &

the angle #between d5 and T for any current-length element DI IR EEAS L 7
1s 180°. Thus, i i
. B=BI+BZ+83=O+O+‘L8L;?=§;. (Answer)
2 - .




Example, Magnetic field off to the side of two long straight currents:

Figure 29-8a shows two long parallel wires carrying cur-
rents 7; and 7, in opposite directions. What are the magni-
tude and direction of the net magnetic field at point P?
Assume the following values: iy = 15 A, i, =32 A, and
d = 5.3cm.

IJ

R R
6/ d \0
7 7

(a)
The two currents create
magnetic fields that must
be added as vectors to get

the net field. (5)
Finding the vectors: In Fig 29-8a, point P is distance R
from both currents i; and i,. Thus, Eq. 29-4 tells us that at
point P those currents produce magnetic fields B, and B,
with magnitudes

i =

Mol
27R

l
B‘l: Mol

SR and B, =

In the right triangle of Fig. 29-8a, note that the base angles
(between sides R and d ) are both 45°. This allows us to write
cos 45° = R/d and replace R with d cos 45°. Then the field
magnitudes B; and B, become

Mol

.11«051
B, = and B, = —
! 2 2ard cos 45°

21rd cos 45°

Adding the vectors: We can now vectorially add E"l and E’}
to find the net magnetic field B at point P, either by using a
vector-capable calculator or by resolving the vectors into
components and then combining the components of B.
However, in Fig. 29-8b, there is a third method: Because B,
and B, are perpendicular to each other, they form the legs of
a right triangle, with B as the hypotenuse. The Pythagorean
theorem then gives us

= VB + B; = 7+ i3
21m’(cos 45°) R

(4w X 107 T-m/A) V(15 A)? + (32 A)?
(277)(5.3 X 1072 m)(cos 45°)
= 1.89 X 1074T =~ 190 uT.

The angle ¢ between the directions of B and B, in Fig. 29-8b
follows from

(Answer)

By
tan™~!
b = B,
which, with B, and B, as given above, yields
0 15 A _
= tan~' — = tan™! = 25
¢ Iy 32 A

The angle between the direction of B and the x axis shown
in Fig. 29-8b is then

¢ + 45° = 25° + 45° = 70°. (Answer)



Ampere’s Law



Several compasses are placed in a loop in a horizontal
plane near a long vertical wire.

— When there is no current in the wire, all compasses in the
loop point in the same direction (the direction of the Earth’s
magnetic field).

— When the wire carries a strong steady current I, the compass
needles will all deflect in a direction tangent to the circle.

Tll




 The direction of the deflection iIs determined by
the right hand rule: if the wire Is grasped In the
right hand with the thumb in the direction of the
current I, the fingers curl in the direction of the
magnetic field B produced by the current in the
wire.

« When the current | iIs reversed, the direction of
the deflection in the compasses will also reverse.

« The compass needles point in the direction of the
magnetic field B, therefore, the lines of B form
circles around the wire as previously discussed.



» The magnitude of B Is the same everywhere on a
circular path centered on the wire and lying In
the plane that is perpendicular to the wire.

* The magnetic field B Is directly proportional to
the current and inversely proportional to the
square of the distance from the wire (as
described in the Biot-Savart law).

 For a circular path surrounding a wire, divide the
circular path into small elements of length ds and
evaluate the dot product Beds over the entire
circumference of the circle.




B field of large current loop

Electrostatics — began with sheet of electric monopoles

Magnetostatics — begin sheet of magnetic dipoles

Sheet of magnetic dipoles equivalent to current loop

Magnetic moment for one dipolem=1a area o
forloopM=1A area A

@8@
030

Magnetic dipoles one current loop
Evaluate B field along axis passing through loop



Ampere’s Circuital Law
P

The magnetic field in space around an electric current is proportional to the electric
current which serves as its source, just as the electric field in space is proportional to

the charge which serves as its source.

1

17



Amperian
loop

 The vectors ds and B are
parallel to each other at
each point:

Beds =B-ds-cosH
Beds=B-ds-cosO

* Integrate around the
circumference of the
circle. Pull B out In
front of the integral

because It IS constant at
overyvy noint on the



 The equation for the magnetic field B around a

straight conductor Is: 5 n,l

2Tt T

* The Integral §d§ =2-1m-r is the circumference
of the circle.

 Ampere’s law:

§é'd§: UVI-anq'
2-T1-T

§é0d§=poi




Ampere’s law applies to any closed path
surrounding a steady current.

Ampere’s law states that the line integral Beds
around any closed path equals p,-1, where | Is
the total steady current passing through any
surface bounded by the closed path.

Ampere’s law:
{Beds=p, I

Ampere’s law only applies to steady currents.

enclosed



Ampere’s Law 1s used for calculating the
magnetic field of current configurations with a
high degree of symmetry just like Gauss’ law 1s
used to calculate the electric field of highly
symmetric charge distributions.

The line that iIs drawn around the conductors to
determine the magnetic field is called an
Amperian loop.

The direction of the magnetic field B is assumed
to be in the direction of integration.

Use the right hand rule to assign a plus or minus
sign to each of the currents that make up the net
enclosed current I, cjoseq-



 Curl the fingers of the right hand around the Amperian
loop in the direction of integration.

— A current passing through the loop in the direction of the
thumb is assigned a plus sign.

— A current passing through the loop in the opposite direction of
the thumb is assigned a minus sign.
 |f B iIs positive, the direction we assumed for B Is
correct; if B Is negative, neglect the minus sign and
redraw B In the opposite direction.

Amperian
loop

+i1
%
. / \ Direction of
221 o ']integration
(
\
N\

Direction of
integration

e —



Only the currents
encircled by the
loop are used In
Ampere's law.

— el
B dS MEE“{; (AITIIJE:]‘E:ES IEIW:] I Amperian / \\\ )
loop \
\' @i
@!’Is "'(‘ . 9 ‘{;
.1;// d&M
| ® ;

\‘\ f..//l)lll'f.‘(‘liull of

T integration

This 1s how to assign a Fig. 29-11 Ampere’s law applied to an
sign to a current used In arbitrary Amperian loop that encircles two
Ampere's law. long straight wires but excludes a third
_ wire. Note the directions of the currents.
+iy
Direction of
—ig integration

Curl your right hand around the Amperian loop,

with the fingers pointing in the direction of

_ _ _ integration. A current through the loop in the

Fig. 29-12  Aight-hand rule for general direction of your outstretched thumb is

Ampere’s law, to determine the signs for i i :
assigned a plus sign, and a current generally in

currents encircled by an Amperian loop. : : i a _ _ :
The situation is that of Fig. 29-11. the opposite direction is assigned a minus sign.




29.4: Ampere’s Law, Magnetic Field Outside a Long Straight Wire
Carrying Current:

All of the current is
encircled and thus all

is used in Ampere's law.
jg B-ds = fyg B cos 0 ds = Bﬁgds = BQ2mr).

Amperian
loop

B(27r) = i

[
B_Hn

= (outside straight wire).
2arr

Fig. 29-13 Using Ampere’s law to find
the magnetic field that a current 7 produces
outside a long straight wire of circular cross
section. The Amperian loop is a concentric
circle that lies outside the wire.



29.4: Ampere’s Law, Magnetic Field Inside a Long Straight Wire

Carrying Current:

’ile'z

mR*

B(2mr) = pgt

.U«uf oo . .
B = ( > | r (inside straight wire ).
27R

Only the current encircled
by the loop Is used in
Ampere's law.

Wire
surface

Amperian
loop

Fig. 29-14 Using Ampere’s law to find
the magnetic field that a current i produces
inside a long straight wire of circular cross
section. The current 1s uniformly distrib-
uted over the cross section of the wire and
emerges from the page. An Amperian loop
is drawn inside the wire.



Example, Ampere’s Law to find the magnetic field inside a long cylinder of
current.

Figure 29-15a shows the cross section of a long conducting 36 Bods = uoi
cylinder with inner radius ¢ = 2.0 cm and outer radius Hoencs

b = 4.0 cm. The cylinder carries a current out of the page. givesus

and the magnitude of the current density in the cross sec-

tion is given by J = ¢/, with ¢ = 3.0 X 10° A/m* and r in BQar) = -2 (p4 — 49,
meters. What is the magnetic field B at the dot in Fig. 2

29-15a, which is at radius r = 3.0 cm from the central axis  Solving for B and substituting known data yield
of the cylinder?

B=- tot (r* — a*)
Amperian 4r
1
=R _ (@mx 1077 T-m/A)(3.0 X 106 A/m*)
4(0.030 m)
X [(0.030 m)* — (0.020 m)*]

= —2.0X107°T.
(a) (6) Thus, the magnetic field Bata point 3.0 cm from the central

Calculations: We write the integral as axis has magnitude

r B=20x10"°T (Answer)
loge = | JAA = cr*(2ar dr)

r !"4 r
= 27c r3dr = 27mc e

me(r* — a)

2




Solenoids and Toroids:

Fig. 29-17 A vertical cross section through
the central axis of a “stretched-out”
solenoid. The back portions of five turns
are shown, as are the magnetic field lines
due to a current through the solenoid. Each
turn produces circular magnetic field lines
near itself. Near the solenoid’ s axis, the
field lines combine into a net magnetic
field that is directed along the axis. The
closely spaced field lines there indicate a
strong magnetic field. Outside the solenoid
the field lines are widely spaced; the field
there is very weak.




The Magnetic Field of a Toroidal Coll

» Atoroidal coll consists of - )i
N turns of wire wrapped o
around a donut-shaped “
structure. Assuming that
the turns are closely
spaced, determine the
magn

coil, %\\g%})

Amperian loop

OXOROKRO{o
032 O¥0

cente




* To determine the magnetic field B inside the
coil, evaluate the line integral Beds over an
Amperian loop of radius r.

* The magnetic field B Is constant along the
Amperian loop of radius r and tangent to the
loop at every point on the loop.

 ForN IoopS'

/"\B

=N, - l \3 >

§
I§-§d =N-pn_- ,,7 ;
=




» The integral of ds over the closed Amperian
loop:

§d§:s S=2-m-I

 Solving for the magnetic field B:

—

B-2-w-r=N-p -

— N .“’o . Ienclosed
2-T-T

enclosed

00!




 Within the toroidal colil, the magnetic field B
varies as 1/r, therefore, the magnetic field B Is
not uniform within the coll.

 If ris large compared with a, where a Is the
cross-sectional radius of the toroid, the magnetic
field will be approximately uniform inside the
coil.

e For an “ideal” toroidal coil in which the turns are
closely spaced, the magnetic field outside the
coil i1s zero (O T).

— The net current enclosed by an Amperian loop
located outside the toroidal coil is 0 A.



 Ampere’s law returns a value of O T for the
magnetic field outside the toroidal coil.

* The turns of a toroidal coil actually form a helix
rather than circular loops, so there is always a
small magnetic field found outside the toroidal
coll.

 For the donut hole, the enclosed current for an
Amperian loop within the hole area is 0 A,
therefore, the value for the magnetic field inside
the donut hole is O T.



Magnetic Field of an Infinite Current Sheet

 An Infinite sheet lying
In the yz plane carries

J.(out of paper)
e,

a surface current of °

density Js. SR

— The current is in the y i ‘ i ;
direction. | } |

— Js represents the 1 : ]
current per unit length | o
measured along the z B IL___;___J n

axis.




» To determine the magnetic field B near the sheet,
draw an Amperian rectangle through the sheet.
— The rectangle has dimensions | and w, where the

sides of length | are parallel to the surface of the
sheet.

— The net current through the Amperian rectangle is Js-|
(the current per unit length times the length of the
rectangle).

* Apply Ampere’s law:
{Beds=p, I

enclosed

enclosed

]§-§d§:po-1



The integral of ds over the closed Amperian
loop should be s =2-1 + 2-w, however, there Is
no component of the magnetic field in the
direction of the sides w.

The integral of ds over the Amperian loopis s
=21,

Ienclosed =Js-1.
Combining the equations:

B-2-1=y_-J_-1
5 B J -l 5 Ho o J

B=to ‘s B=to s
2-1 2




» The magnetic field is independent of the
distance from the current sheet.

* The magnetic field is uniform and is parallel to
the plane of the sheet.



Solenoids: ; |
|-= 1 -
ﬁ’l = C
I\

!

_?E,I-I-I:I-I-I*I-l-lﬂ S es[e[s s [e[s[s[s]

-

Fig. 29-19 Application of Ampere’s law to a section ofa — - >

. . : . ) B - a b
long ideal solenoid carrying a current i. The Amperian i -— ,
|00p is the rectangle abcda. _%|x|>c|x|>c|w|:-<|x|::-c|a<|>-:|x|3-c;|:<|>c|>c|x|>-c|w|x|x|>c|x|x|x|:c\| —

B' dS = Molencs

b c d a
5E§-d§*=f §-d§*+f §-d§’+f B’-d.f+f B-ds.
a b c d

lenc = (7). Here n be the number of turns per unit length of the solenoid

Bh = pgnh

B = ugin (1deal solenoid).



Magnetic Field of a Toroid:

Mfﬂ | ),

(a)

Fig. 29-20 (a) A toroid carrying a current i. (b) A
horizontal cross section of the toroid. The interior
magnetic field (inside the bracelet-shaped tube) can be
found by applying Ampere’s law with the Amperian
loop shown.

(B)(27r) = poiN.

where i is the current in the toroid windings (and is positive for those windings
enclosed by the Amperian loop) and N is the total number of turns. This gives

N 1
B =F£o (toroid).'
27 r




Example, The field inside a solenoid:

A solenoid has length L=123m and inner diameter
d = 3.55 cm, and 1t carries a current 1 = 5.57 A. It consists of
five close-packed layers, each with 850 turns along length L.
What is B at ts center?

KEY IDEA

The magnitude B of the magnetic field along the solenoid's
central axis is related to the solenoid's current ; and number
of turns per unit length n by Eq. 29-23 (B = piyin).

Calculation: Because B does not depend on the diameter of
the windings, the value of  for five identical layers is simply
five times the value for each layer. Equation 29-23 then tells us

3 X 850 turns
= uin=ArXx107"T .
B = pyin = (4 X 107 TmAYSS A) =
=242 107 T =242mT. (Answer)

To a good approximation, this is the field magnitude through-
out most of the solenoid.



A Current Carrying Coil as a Magnetic Dipole:

dBy

The perpendicular
components

just cancel. We add
only the parallel
components.

Fig. 29-22 Cross section through a cur-
rent loop of radius R. The plane of the
loop 1s perpendicular to the page, and only
the back half of the loop is shown. We use
the law of Biot and Savart to find the mag-
netic field at point P on the central per-
pendicular axis of the loop.

o ids sin 90°

dB =
A7 r2
[ COS @ ds
dB, = dBcosa. = = 1
ar
r=VR + 7°
COSs R R
o — — .
ro VR + 72
dB, = pok o

B(z) =

4’7T(R2 + ZE)BQ

B — de||
HolR
- 47 (R + )7 ds

“oiRz

2(R* + 797




A Current Carrying Coil as a Magnetic Dipole:

‘{LDERE
B(z) = 2(R2 + ZZ)BJE ’
7> R
WoiR?
B(2) ~
wo NIA
Bz) = 2; Al

Fig. 29-21 A current loop produces a
magnetic field like that of a bar magnet and _
thus has associated north and south poles.

The magnetic dipole moment iz of the loop,

its direction given by a curled—straight A general form for the mag netic
right-hand rule, points from the south pole : : :

to the north pole,in the direction of the dlpOIe field is —=_m 3,’)(/7}7 f) - 7
field B within the loop. B= 3

4p r



Magnetic Field of a Long Wire

« Along, straight wire of radius R carries a steady
current I, that is uniformly distributed through
the cross section of the wire.

« To determine the magnetic field at a distance r
from the center of the wire to a point less than or
equal to R (r < R):

Wire
surface



Draw a circular path (an Amperian loop) of
radius r centered along the axis of the wire.

Based on the symmetry of the circle, B must be
constant in magnitude and parallel to ds at every
point on the path of radius r.

The total current passing through the Amperian
loop Is not |,; the total current is less than I..

The current is uniformly distributed throughout
the cross-section of the wire; the enclosed
current iIs proportional to the area of the
Amperian loop.



 Proportional relationship between current and
area:

I _ Lenciosed T _ [,-mt-r’
- RQ I - 1’2 enclosed - RQ
I I
enclosed RQ

* Applying Ampere’s law:
{Beds=p, I

enclosed

2
3 IREN o

R2

§]§0d§=p°



B

Boor

Beool /v

* The magnetic field B
versus r i1s shown in the
figure.

 [nside the wire, B — 0 as
r — 0 and the strength of
the magnetic field
Increases asbr - R.

 Qutside the wire, the
magnetic field B Is
proportional to 1/r.



Magnetic Force on a Current Segment

A long straight wire
along the y axis carries
a steady current I,

Fy
N ‘ | ﬁ/_ » A rectangular circuit
o h|— — carries a current 1.
. ‘ o P \f » To determine the
o< [x | magnetic force Fg on
the upper horizontal
RSP section of the rectangle,
- | start with the force on a
sdF =1 o(d§x 831e

Arnannndiinatar Anmnvrianm IRy 7




« The magnetic field B is the magnetic field due to
the long straight wire at the position of the
element of length ds.

— This value will change with increasing distance from
the wire carrying current I,.

— The equation for the field B at a distance x from the
straight wire Is:

é _ M, - |1
2-T- X
— The direction of the field is into the page.
 The currentinl-(dsx B) is ..




Replace ds with dx because the value of x (the
distance from the wire carrying current I, to the
element of length ds) will change as we add up
the elements of length ds along the x axis.

The angle 6 between dx and B is 90°.
dF=1_-dx-B-sin




 To determine the total force on the upper
horizontal segment of the rectangular loop,
Integrate from Iength a to length a + b.

i
':\ I

d—ﬂ—»‘ﬂ—f}—»‘

Wire ]







The direction of the force Is given by the right hand
rule: fingers of right hand in direction of current I,;
palm facing in the direction of the magnetic field B;
thumb points in the direction of the magnetic force Fg.

The direction of the force is up toward the top of the
page (board).

The force on the bottom horizontal segment of the
rectangular loop is equal in magnitude and opposite in

direction to the force on the top horizontal segment of
the rectangular loop.

The forces on the sides of the rectangular loop are
determined using the equations for parallel wires.




Magnetic vector potential

For an electrostatic field ~ {E.d¢=0 E=-V¢
VXE=-VXV¢g=0
We cannot therefore represent B by e.g. the gradient of a scalar

since VxB =y, (rhsnotzero)

alsoV.B =0always (V.E = ﬁ)
Magnetostatic field, try B=VXxA %o

VB=V(VxA)=0

VxB=Vx(VxA)(seelater)
B is unchanged by A'>A+Vy

VXA'=VX(A+Vy)=VxA+0



END



